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Effect of Sidewall Suction on Flow in
Two-Dimensional Wind Tunnels

Richard W. Barnwell*
NASA Langley Research Center, Hampton, Virginia 23681

A closed-form analysis of flow in a two-dimensional subsonic wind tunnel that uses sidewall suction around
the model to reduce sidewall boundary-layer effects is presented. The model problem that is treated involves a
flat plate airfoil in a tunnel with a suction window shaped to permit an analytic solution. This solution shows
that the lift coefficient depends explicitly on the porosity parameter of the suction window and implicitly on the
suction pressure differential. For a given sidewall displacement thickness, the lift coefficient increases as the
suction-window porosity decreases.

Introduction

A SIMPLE analysis of the interaction of an airfoil model
pressure field with the boundary layer on the solid wind-

tunnel sidewall was presented by Barnwell in Ref. 1 and re-
fined in Ref. 2. It was shown that this interaction in two-di-
mensional wind tunnels is mathematically similar to the effect
of compressibility. This similarity rule was used to derive a
modified form of the Prandtl-Glauert rule, which was vali-
dated by comparison with the experimental data of Bernard-
Guelle.3 Sewall4 extended the analysis of the sidewall
boundary-layer effect in two-dimensional wind tunnels to the
transonic regime by developing a modified form of the von
Karman rule and presented experimental data that validated
these theoretical results. The results of Barnwell and Sewall
for two-dimensional flow, which are summarized in Ref. 5,
apply in the limit of small aspect ratio. Murthy6 employed the
wavy wall concept to account for aspect-ratio effects. A qual-
itative experimental study of solid sidewall boundary-layer
effects was conducted recently by Su.7

Suction across porous plates has been used to control side-
wall boundary-layer effects in some wind tunnels. For exam-
ple, the control of sidewall boundary-layer growth with suc-
tion on large plates upstream of the model is described in Ref.
3, and the reduction of adverse effects with suction on porous
windows at the model station is discussed in Ref. 8. The
purpose of this article is to present an analysis of the effects of
sidewall suction at the model station on the performance
characteristics of the airfoil being tested. This analysis is an
extension of a very limited analysis of the problem presented
in Ref. 1. To the author's knowledge, there is no experimental
data applicable to the particular problem discussed here.

The model problem that is treated concerns subsonic flow
past slender ellipses; this family of bodies includes the flat
plate. First, the theory of Refs. 1 and 2 is used to account for
sidewall boundary-layer effects. Then the Prandtl-Glauert rule
as modified in Refs. 1 and 2 is used to map the compressible
airfoil problem to an incompressible airfoil problem. The
Joukowski transformation is then used to map the airfoil
problem to the problem of flow about a circular cylinder. It is
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assumed 1) that the outer edge of the porous plate in the
transform plane is a circle that is concentric to the circular
cylinder and 2) that the flow within the porous plate is laminar
(the porous material of which the plate is composed is fine
enough that the fluid flowing through it is always within the
laminar sublayer of one of the fibers or grains of the material).
Closed form solutions are obtained for asymptotically small
values of the porosity coefficient. The results for the flat plate
show that the lift on the plate is an indirect function of the
pressure difference across the porous window and an explicit
function of the window porosity.

Derivation of Basic Equations
Consider steady, isentropic, small-perturbation flow in a

nominally two-dimensional airfoil wind tunnel. Let the Carte-
sian coordinates in the freestream, normal, and span wise di-
rections be x, y, and z, and let the velocity components be u,
v, and w as shown in Fig. 1. The tunnel width and sidewall
boundary-layer displacement thickness are b and 6*, respec-
tively. To the lowest order, the span wise velocity component
in this tunnel varies linearly as

2uz 85*

As a result, the continuity equation can be written as

du dv dw 2udd*
(1)

where M is the Mach number.
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Fig. 1 Sketch of airfoil model and tunnel sidewalls with coordinate
system used.
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The dynamics of the sidewall boundary layer are modeled
with the von Karman momentum integral, which can be writ-
ten as

.dx H dx pu2 (2)

where p is the density, H and TW the sidewall boundary-layer
shape factor and surface shearing stress, and w0 the suction
velocity at the sidewall surface. This equation can be simpli-
fied because the sidewall boundary layer in most airfoil wind
tunnels can be approximated as a flat-plate boundary layer
with a large Reynolds number and an equivalent length at the
model station of the order of d*/(rw/pu2). In general, the
model chord c is much smaller than this boundary-layer equiv-
alent length so that the inequality

pu* (3)

applies and, as a result, the next to last term in Eq. (2) can be
neglected in the first approximation. As shown in Refs. 2, 4,
and 5, the gradient of the shape factor can be approximated as

dH _ ( f f - l)(H +
dx ~ u dx (4)

With inequality Eq. (3) and Eq. (4), Eq. (2) can be approxi-
mated as

dx
6*
u H

With Eq. (5), Eq. (1) can be written as

2Hw0

b J dx dy

(5)

(6)

It is assumed that the sidewall boundary layers are attached
and that the flat-plate-type growth of this boundary layer at
the model station is small. Therefore, the shape factor H and
the displacement thickness 6* of the sidewall boundary layer
near the model station can be approximated to the lowest
order by the values at the model station in the empty tunnel.
For subsonic flow the Mach number M can be equated to the
freestream value M^ so that Eq. (6) can be written as

_ 2 du_ ch; 2Hw0

dx dy b

where

P =

(7)

(8)

This equation and the irrotational condition

dw _ dv_ _
dy dx

completely govern the flow.
If the sidewall is solid so that w0 = 0, the normal-force

coefficient Cn in a wind tunnel with a sidewall boundary layer
is related to the normal-force coefficient Cn in the same wind
tunnel without a sidewall boundary layer by the modified
Prandtl-Glauert rule

where

As discussed in Refs. 1 and 2, this similarity rule shows that
the lift is reduced at a given angle of attack by the presence of
a sidewall boundary layer.

Physics of Sidewall Suction
Now consider a wind tunnel with suction over the sidewall

around the model. It is assumed that the sidewall can be
approximated as a porous plate and that the plenum pressure
pp behind the plate is the same everywhere. Thus, the sidewall
suction velocity can be written as

p -
PooW^

(9)

where P is a nondimensional porosity constant, p the local
tunnel pressure, p^ and u^ the free-stream density and veloc-
ity, and n a constant that varies between 1 and 2. For the value
n = 2 the flow within the plate is turbulent, and for n = 1 it is
laminar. As discussed in the introduction, laminar flow occurs
within the plate when the fluid is always within the laminar
sublayer of the particles or fibers of the porous material.

Actual values of n for porous plates in use generally lie
between 1 and 2, as illustrated in Fig. 2. Note that the porosity
coefficient decreases as the exponent n approaches 1.

In this article the value n = 1 will be used in Eq. (9). This
value is physically realistic in many cases, and it causes Eq. (7)
to be linear. With the small-disturbance approximation, the
pressure can be written as

p = - it)
where pa, is the freestream pressure. As a result, Eq. (9) can be
written as

w0 = P ( u - Wo, - Poo-Pp

PooWoo

With Eq. (10), Eq. (7) can be written as

du_ ^v=2^/ _ Poo-Pp
dx dy b \ °° pooW0

(10)

(H)

This equation contains two parameters related to the sidewall
suction: a porosity parameter that is proportional to P and a
plenum-pressure parameter that depends on pp. As shown in
Ref. 1, the effects of these parameters on the lift and thickness
solutions can be identified. Assume that the airfoil boundary
conditions are applied along the x axis, and let the u and v
velocity components be written as

u = HI + ut

V = Vi + Vt

where the subscripts / and t denote the lift and thickness
solutions, which are odd and even solutions, respectively, of
the coordinate y.
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Fig. 2 Porosity characteristics of several materials.
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Elliptic airfoil plane Circle plane

Fig. 3 Incompressible Joukowski transformation.

The complex variable in the circle plane is

and the transformation from the airfoil plane to the circle
plane is

or
Z = V2($eioi + Vf2e2/Q! - C2)

The governing equations for the lift and thickness solutions
are obtained from Eq. (11) as

where

dx
dv,
—dy

2HP

,but | dvt_2HP
dx dy b PooWoc

It is seen that the thickness solution depends explicitly on both
parameters, but the lift solution depends explicitly only on the
porosity parameter P. It follows that the lift solution is af-
fected by the plenum pressure only in the way that the dis-
placement thickness <5* in j3 is affected.

Prandtl-Glauert Transformation
This transformation is used to transform from the com-

pressible airfoil plane to an incompressible airfoil plane. De-
fine nondimensional coordinates and velocity components as

x - x/c y = @y/c

v =

(12)

2HP c

Equation (11) is written as

du dv-+-
where

= a2-b2

Note that the freestream is aligned with the x axis in the airfoil
plane and makes an angle a with the X axis in the circle plane.
The transformed governing equation is

dZdZ*

+ _
* * ( }

_
dz* ez dz az* dz dz*

Let the velocity components in the r and B directions in the
circle plane be U and K Eq. (13) can be written as

— +-+- — = e t / cos(0 - a) - V sin(0 - a)
dr r r dO C

C2

—— - [U cos(<9 + a) + V sin(0 + a)
4r2

C4 \)—— Jj

The irrotational condition is

dV V IdU— +- -- — = 0
dr r r d6

(14)

(15)

Circle Plane Solution
In this article Eqs. (14) and (15) are solved for small values

of the porosity parameter e. The velocity components U and V
are written as

and U =

u = •

Joukowski Transformation
This transformation is used to transform from the incom-

pressible airfoil plane to the incompressible circle plane. Let $
be defined as the nondimensional, incompressible velocity
potential. The complex variable in the incompressible airfoil
plane is

Equation (12) can be written as

where f* is the complex conjugate of f.
Now consider the transformation depicted in Fig. 3. The

elliptic airfoils have major and minor axes of a and b, respec-
tively, and the circle has the radius

rb = -
a + b

It is assumed that the suction window has a circular shape in
the circle plane that is concentric to the circular body, as
shown in Fig. 4.

Fig. 4 Body and suction window in circle plane.
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The zero-order solution is the well-known solution for flow
past a circular cylinder, which is written as

- -f ) cos(0 - a)

where T is the circulation.
The governing equations for the first-order problem in the

region of the porous plate, where rb < r < R, are

^+—+-^-=--2 cos[2(0 - ,dr r r 36 r2
C2r2

cos 2ce

c2 c4 / c2 c4
+ —- cos 26 - —— - 1 - — cos 2(9 + —

4r2 16r4 \ 2r2 16r4

r rc2
+ -—sin (6 - a) + ——- sin(0 + a) (16)

and

dr r r 86
Beyond the porous plate, where r>R, the right side of Eq.
(16) is zero. By differentiation and substitution, equations for
Ui and V\ can be obtained as

dr ^cos2« + g(l + ft)

r rc2
- 2ru + — sin (0 - a) - -—- sin(0 + a)

2-jr Sirr2 (17)

c2 r rc2
- — (1 + 2ft) sin 20 + — cos(0 - a) + —— r cos(0 + a) (18)

2r 2?r z

Now let the coordinate

be defined. Equations (17) and (18) can be written as

c2 , ,r rle-^ cos 2ct
82u{ at/!
— Y + 2 — -± + I/! + — Ydrj2 drj 862

c4 r
— (1 + u)e -^ - 2ue* + — sin(0 - a)
8 2?r

r_
'Sir

c2 r
— — (1 + 2u)e -i sin 20 + — cos((9 - a)

2 27T

(19)

where m is a positive integer. Although the solution may
contain any number of harmonics of 0, the present solution
contains only terms with m = 1 for the lift solution and m = 2
for the thickness solution. The complementary solution for V\
is of the same form as Eq. (21).

The particular solutions to Eqs. (19) and (20) are

C2

^ cos 2a - — (1 +

r r
+ — sin(0 - a) - —— C V ~2r/ sin(0 + a)

4?r 16?r
and

rl C2
\ - —e.e-i Sin[2(0 - a)] + — (1 + 2u)e -* sin 20i,/> 2 8

r r
+ — cos(0 - a) - —— C277e~217 cos(0 + a)

4n 16?r

These particular solutions pertain only near the porous win-
dow where rb < r < R.

Beyond the window, where r >R, the solution is composed
of complementary-solution terms that vanish for large values
of r. The solutions near the window are termed £/i,outer and
Pi,outer- Near the window, where rb<r<R, the solution
includes the particular solution and various complementary-
solution terms, which are not necessarily the same terms ap-
pearing in the outer solution. The solutions near the window
are termed C/i)inner and FUnner.

The boundary conditions for this problem are

, inner = l, outer

-tr _ y
"I,inner" "I,outer

f/l,inner = 0

for r =R

for r = R

for r = rb

With these boundary conditions the solution near the win-
dow (rb < r < R) is found to be

u
V

4R2r

C2

:-0)]-—(1 + w)cos20
4

(22)

= 27 1 ̂ r^ } " 1 I T

(23)

+ — C2^ -^ cos(6 + a)
8?r

(20)

The most general complementary solution to Eq. (19) is

~ cos m6

(m+ 1 sn (21)

Beyond the window, where r >R, the solution is

l~ ~U 2r 8/?2r|r

, C2

C2

cos 2a - — (1 + ft)
4

cos

- - -
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(R2-r2
b) C2

' sin[2(0 - a)] - — (1 + 2ft) sin 20
Therefore, the first-order solution is

(25)

Note that all lengths in Eqs. (22) to (25) are made nondimen-
sional with the airfoil chord c.

Kutta Condition for Flat Plate
For a flat plate the minor and major axes are b = 0 and

a =2rb, respectively. Also, the quantity C and the airfoil
chord c have the values 2rb and 4rb, respectively. Because all
lengths are made nondimensional with the chord c, the nondi-
mensional radius rb has the value Vn.

The streamwise component of velocity in the incompressible
airfoil plane is

dz*

At the surface of the plate, Eq. (26) can be written as

cos a „ „u = - 2sin0

(26)

(27)

The traditional Kutta condition is obtained from the zero
order form of Eq. (27). The circulation is related to the incom-
pressible airfoil lift coefficient CL by the equation

r = CLc

Assume that the angle of attack is of the form

a — a0 + ecei

To the lowest order, Eq. (27) is written as
/

COS Oi0

(28)

80 = { sin 6 cos a0 - cos B sin OLO + —CL

sin0 V

In order for the solution at the trailing edge (6 == 0) to be finite,
the Kutta condition

L = 2?r sin ct0 (29)
is imposed.

The Kutta condition for the first-order solution determines
the effect of porosity on the incompressible airfoil lift coeffi-
cient. With Eq. (28), the function sin a can be written as

sin a. = sin a0 + cos a0 (30)

Fig. 5 Dependence of first-order Kutta condition parameter on suc-
tion window size.

2«i cos 0 cos a0 + r 1 - .KsiiAx,

+ u) sin 26 + rb( 1 - — ) sin a0 cos a0 (cos20 - sin20)
R /

si / P\ C / R\ 1
- rb — sin a0 2n ( — ) sin B - rb — cos a0 &i ( — ) cos 6

TT W TT \rj J

In order for HI to be finite at the trailing edge (0 = 0), the
condition

Oil =i (3D

must be imposed. The function of the ratio rb/R in Eq. (31) is
positive definite for all values in the range 0 < rb/R < 1, as
shown in Fig. 5.

Discussion of Results
The physical angle of attack in the incompressible airfoil

plane is a. With Eqs. (29) and (30), the function sin a can be
related to the lift coefficient to the first order in e as

C L = 2 7 r j l - T cosed M£)-^l-^2 sin CL

Note that for small angles of attack, sin a. can be approxi-
mated by a.

Let the angle of attack in the compressible airfoil plane be
denoted as OLC. With the Prandtl-Glauert rule it can be shown
that, for the same lift coefficient, the angles of attack of the
flat plate in the incompressible and compressible airfoil planes
are related as

It follows that the lift coefficient for the flat plate in compress-
ible flow can be written as

2-JTOic HP c R
(32)

Equation (32) shows that the airfoil lift coefficient is an
explicit function of the porosity of the porous plate. The lift
coefficient increases as the porosity parameter decreases for a
given sidewall displacement thickness. The lift coefficient is an
implicit function of the plenum pressure through the displace-
ment thickness d* in the quantity )3 [see Eq. (8)].

The individual effects of the pressure difference p^-pp
and the sidewall porosity coefficient P on the lift coefficient
CL can be seen from Eqs. (32) and (8). The effect of an
increase^ in the pressure difference is a decrease in 6* and,
hence, 0 and a resultant increase in the lift coefficient. The
effect of an increase in the sidewall porosity is more compli-
cated. Assuming that the pressure difference pw - pp is posi-
tive, the effect of an increase in the porosity coefficient is a
decrease in the displacement thickness and, hence, a decrease
in j3. This reduction in & tends to offset the reduction in the
numerator of Eq. (32) caused by an increase in the porosity
coefficient. However, it seems intuitive that an increase in
porosity will result in a decrease in lift coefficient, because this
increase permits more flow around the model tip and, hence,
makes the model more three-dimensional.

The presence of the suction window also affects the drag
measurement. It can be seen from Eq. (24) that beyond the
window the dominant term in the first-order solution is a sink
proportional to the pressure difference p^ - pp. In other
words, mass is removed at the window. Far from the model
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Fig. 6 Several suction windows in incompressible airfoil plane.

the drag can be represented as a source term. It follows that
drag measurements with rakes located downstream of the
model will be influenced by the presence of a suction window
at the model station.

As already indicated, the suction window in the circle plane
is circular and concentric to the circular body. As a result, the
window in the incompressible airfoil plane is an ellipse with its
axis aligned with the flat plate, and the window in the com-
pressible airfoil plane is a flatter ellipse that is also aligned
with the flat plate. The windows in the incompressible airfoil
plane for several values of the parameter R/rb are depicted in
Fig. 6. These shapes, while not representing any actual suction
windows, are not unrealistic in general appearance. As a re-
sult, the overall trends predicted in this article are qualitatively
correct for two-dimensional wind tunnels with sidewall suc-
tion around the model.

Concluding Remarks
A closed-form analysis of flow in a two-dimensional sub-

sonic wind tunnel that uses sidewall suction around the model
to reduce sidewall boundary-layer effects is presented. The
model problem that is treated involves a flat plate airfoil in a

tunnel with a suction window shaped to permit an analytic
solution. This solution shows that the lift coefficient depends
explicitly on the porosity parameter of the suction window and
implicitly on the suction pressure differential. For a given
sidewall displacement thickness, the lift coefficient increases
as the suction-window porosity decreases.

Although this solution applies only to a model problem, the
more general problem of an arbitrary airfoil in a transonic
wind tunnel with arbitrary suction-window geometry can be
easily solved with state-of-the-art finite difference methods for
two-dimensional transonic flow. The terms on the right side of
Eq. (11), which account for the sidewall suction effect, are
simply included in the appropriate computer program and
evaluated at grid points adjacent to the suction window.
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